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Abstract: In this paper, we study Bernstein-Nikol’skii-Markov type inequalities for arbitrary algebraic polynomials with
respect to a weighted Lebesgue space, where the weight functions have some singularities on a given contour. We consider
curves which can contain a finite number of exterior and interior corners with power law tangency of the boundary arcs at
those points where the weight functions have both zeros and poles of finite order. The estimates are given for the growth
of the module of derivatives for algebraic polynomials on the closure of a region bounded by a given curve, depending
on the behavior of weight functions, on the property of curve, and on the degree of contact of the boundary arcs, which

form zero angles on the boundary.
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1. Introduction and definitions
Let C be a complex plane, C =: CU {oo}; G C C be a bounded Jordan region (without loss of generality,
let 0 € G) and L := 0G, Q2 :=C \ G = extL. Let g, denote the class of arbitrary algebraic polynomials

P, (z) :== > ajz? of degree at most n € N.
7=0

Let 0 < p < oo and h(z) be a some weight function. For a rectifiable Jordan curve L, we denote:

1/p
1Pl = [Pl ey = | [P 0<p <
L
[Polloe == ”Pn”Loo(l,L) v= rax |Pn(2)|, p=o0.

Clearly, [|-[|, is a quasinorm (i.e. a norm for 1 < p < oo and a p—norm for 0 <p < 1).

The classical Markov inequality [30] says

P < n? P.(z)|. 1.1
mg}fl}|n($)\_"m§1§fl]| ()| (1.1)
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Bernstein [21] indicated an analogue of this result for the unit disk instead of the real interval [—1, 1] as

follows:

P (2)| < P,(2)|. 1.2
lgllgl n(Z)I_nlgllgl ()] (1.2)

In 1933, Jackson [26] for L = {z : |2| = 1} and 0 < p < co established the following estimate for P, (z):

27
|l < 2n? /\Pn(e”)|pdt . (1.3)
0

During almost one hundred years, the estimates of (1.1-1.3) type and their generalizations for higher order
derivatives, as well as similar estimates in various weighted spaces, have been studied by many mathematicians.
See, e.g., Szegd and Zygmund [43], Suetin [41], [42], Mamedhanov [28], Mamedhanov and Dadashova[29],
Nikol’skii [33, pp. 122-123], Dzyadyk [25], Andrashko [16], Nevai and Totik [32], Milovanovic et al. [31],
Pritsker [38], Ditzian and Prymak [23], Ditzian and Tikhonov [24], Andrievskii [18], [19] (and the references
therein).

For the last few years, the estimates of (1.3) type and their analogues for the weighted Bergman class
under some m > 0, h(z), L and 0 < p < oo have been obtained in [3]-[14], [20], [35], [36], [40] and others.

In this work, we continue to study the estimates of (1.3)-type for m — th derivatives, m =0, 1,2, ..., for
polynomials P, (z) in the weighted Lebesgue spaces L£,(h, L), p > 1, in various regions of the complex plane.

For t € C and § > 0, let A(t,d) :={w € C : |[w—t¢t| > §};A := A(0,1) and B(¢,d) :={w € C:
|lw—1t| <d}; B:=B(0,1). Let :Q — A be a univalent conformal mapping normalized by ®(c0) = oo and

@iz) >0; U:=&"!. Fort>1, let us set:

lim,_,
Li:={z: |®(z)|=t}, L1 =L, Gy :=int Ly, Q4 := ext Ly.

Let {z; };:1 be a fixed system of distinct points on curve L which is located in the positive direction.

For some fixed Ry, 1 < Ry < o0, and z € Gp,, consider a generalized Jacobi weight function & (z) which is

defined as follows:

l
h(z) == ho(z) H 2 — 2], (1.4)

where v; > —1 forall j =1,2,...,1, and hg is uniformly separated from zero in G, i.e. there exists a constant
¢o := ¢o(GR,) > 0 such that ho(z) > ¢ > 0 for all z € Gg,.
Let ¢ : G — B be a conformal and univalent map which is normalized by ¢(0) = 0, ¢'(0) > 0;
¥ := ¢~ 1. Following [37] and [27, p. 100], a bounded Jordan region G is called a x -quasidisk, 0 < r < 1, if
14k

any conformal mapping ¢ can be extended to a K -quasiconformal homeomorphism, K = =%, of the plane

C onto C. In that case, the curve L := 9G is called a r -quasicircle. The region G (curve L) is called a
quasidisk (quasicircle), if it is a k-quasidisk (K -quasicircle) for some 0 < xk < 1. We denote this class by
Q(k), 0 < k < 1, and say that L = G € Q(k), if G € Q(k), 0 < k < 1. Note that quasicircles can be
nonrectifiable (see, e.g., [22], [27, p. 104]). Therefore, we will say that G € Q(r), 0< kK <1, if GeQ(r) and

dG is rectifiable. Furthermore, we mean that G (L)€ Q (or Q), if G(L)e Q(x) (or Q(x)) for some 0 < < 1.
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Recall that there is a geometric definition [27, p. 102] of quasicircle (quasiconformal curve). A curve L is said

to be quasiconformal if for arbitrary points z; € L and z9 € L , the diameter of the shorter arc (21, 22) of the

curve L joining points zi, zo satisfies the inequality:
diam [(z1, 29)

<c < Ho0. (1.5)
|21 — 22|

In [35, Th. 2.5], it is proved that:

Theorem A. Let 0 < p < oo; L € Q(x) for some 0 < k <1 and h(z) be defined by (1.4). Then, for
any P, € pn, n € N, and every m =0,1,2,...

UL
1P < a9

where
"

7 = max {055y, j = 1,1}

In particularly, for any P, € p,, n € N, and every m = 1,2,... we have the following sharp estimate for all
0 <k <1 (see the well-known sharp Markov inequality, [15, m = 1] and [35, Cor. 2.6]):

1™ |oo < exn™ | P |oc. (1.6)
A simple example of curve
L*:=[0,1lu[l,14+duU{z =z +iz% 2 €[0.1], a > 1}

shows that the curve L* does not satisfy (1.5) and, consequently, is not a quasicircle.
In this work, we study this problem for regions bounded by piecewise rectifiable quasicircles having a
finite number interior and exterior zero angles on the boundary.

We start with the corresponding definitions.

Definition 1.1 A Jordan arc £ is called k— quasiarc for some 0 < k < 1, if £ is a part of some k-quasicircle
for the same 0 < Kk < 1.

Now, we define a new class of regions bounded by piecewise quasicircle having interior and exterior cusps
at the connecting points of boundary arcs.

Throughout this paper, ¢, ¢y c1, ¢z, ... are positive and €g, €1, €2, ... are sufficiently small positive constants
(generally, different in different relations), which depend on G (in general) and on parameters inessential for
the argument; otherwise, such a dependence will be explicitly stated.

We say that a bounded Jordan curve (arc) L is a locally rk— quasicircle (k—quasiarc) at the point
z € L, if there exists a closed subarc ¢ C L containing z such that every open subarc of ¢ containing z is the
k— quasicircle ( K— quasiarc).

For any k > 0 and m > k, the notation i = k,m means i =k, k+1,...,m. Forany i =1,2,..., k =0,1,2
and €1 > 0, we denote by f; :[0,e1] = R and g; : [0,e1] = R twice differentiable functions such that

£:0) = gi(0) =0, (@) >0, ¢ (z)>0, 0<z<er (1.7)

i
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Definition 1.2 We say that a Jordan region G € PQ (K5 fis g;), for some 0 <k <1, f; = fi(z),i=1,1; and

l
gi = gi(x),i =11 + 1,1, defined as in (1.7), if L = 0G = |J L; is a union of the finite number of rectifiable
=0

i—
Ki-quasiarcs, 0 < k; <1, (k =max{k;, 0 <3 <I1}) L;, connecting at the points {zi}izo € L and such that L
is a locally k-quasiarc at zy € L\ {zi}ézl and, in the (x,y) local coordinate system with its origin at the z;,

1< 4 <1, the following conditions are satisfied:

a) for every z; € L, i = 1,11, Iy <1,

{z=atiy: |l Ser, enf (@< y<anfi@), 0So<a} C G,

{z=x+iy:|z| <ey, |y >ex, 0< 2 <1} C
b) for every z; € L, i =11 + 1,1,

{z=a+iy:|z] <es, ch19i(2) <y < chygi(x), 0< < ez} C 0,

{Z:$+iyi|2‘<537 \y|254x,0§x§53}C@,

for some constants —oco < ¢t] < iy < 00, —00 < by < chy <00 and g5 >0, s=1,4.

It is clear from Definition 1.2, that each region G € FQ/) (k; fi, 9;) may have l; interior and [ —1I; exterior
zero angles (with respect to G) at the points {Zi}izl € L. If a region G does not have interior zero angles
(4= 0) (exterior zero angles (I;=1)), then it is written as G € PQ (r;0,9;) (G € PQ (k; f:,0)). If a region G
does not have such angles (I =0), then G is bounded by a rectifiable k—quasicircle, and in this case we set
PQ (,0,0) = Q(k).

Throughout this work, we will assume that the points {gi}ﬁzl € L defined in (1.4) and the points
{zi}izl € L defined in Definition 1.2 coincide. Without loss of generality, we also will assume that the points
{Zi}i':o are ordered in the positive direction on the curve L such that G has interior zero angles at the points

{z l;l , if I > 1 and exterior zero angles at the points {Zi}i:llJrl Jif >0 +1.

i

2. Main results

For L = 0G and 0 < 0; < §¢ := imin{|zi—zj|:i,j:1,l, z;éj} For t > 1, we set: Q(z;, ¢;) =

l ~
QN{z:]z—z| <4} 0= 11211216]»; Q(0) == U Qulzj, 9), () == Q\ (). Additionally, let A; :
<j< =

j=1

l —~ , . _ .
@(Qt(zj, 6)), At(é) = U q)(Qt(Z77 (5)), At(é) = At\At((S) Qt,j = ‘P(At,j)’ Lg = Lt ﬁchj, 1= 1,2,...7 l.

Jj=1

! .
Clearly, Q= U Q. F{ :=®(L}) =A,; n{r:|r|=1t}, i=1,1
=1

j=
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Throughout this paper, for any i =1,2,...; 7 > -1, a; >0, 3, >0, 0<k <1, E:{ ,1, g%ig, )
ey DA +R)+ @ +8) (DA 4kR)+(1+58),
pﬁ(m,'l,) = (1—'—/81)—m(1+l‘€) y br = BQ_K )
_ (et )A+k) - (A+RE)A+B) v mo . (4R) 24K
S ([ e s I (R EX AR
N (LR I S, DR S B s S

Now, we start with formulating some new results. We note that all parameters p and v with different labels

are taken from (2.1).

P (2)

Therefore, let us begin with the evaluations for , m>0.

Theorem 2.1 Let p > 1; G € Isa(ﬁ;fi, g;) for some 0 <k <1, fi(x)=cat™ a; >0, i =111, and
gi(x) = c;z' P B, > 0, i =1y + 1,1. Suppose that h(z) is defined by (1.4). Then, for any v; > —1, i = 1,1,
and P, € pn, n € N, the following inequality holds:

|

where ¢1 = c1(L, i, 8,p) > 0 is a constant independent of n and z;

1 l
P e (ZMHmH > M;,2<m>> 1Pall, (2.2)
=1

i=l1+1

~yF41 -
n(%+m)(1+n)7 bl S
Miy(m) = 0T e (r )1 4R), m=0, 23)
’ (nlnn)" 7, p=1+(F+1)(1+7), m=0,
n'"s, p>14 (7 +1)(1+7), m=0,
VEf1 "
n( lp++)llrﬁi, p>1, Bi<m(l4+k)—1, m>1,
(%er) 5, (i +D(A+r)+(148:) S (1 _1 1
w0 P Eeeetng e AizmbgmLomat
M d PTGty AEmismLom2l
" " P> Faisyomtre o Bizm+k) -1, m=>1,
(%‘Tfl—i_m) 114:;: * (14+k) ) o
n Cop<1t (D). B>, m=0,
(nlnn)' =7, p=1+0; +)EES, 8>0, m =0,
n'"7, p>1+(y +1) ((11jg)), Bi >0, m=0

For i =1,2; [y =1, [ =2, we obtain the following.

Corollary 2.2 Let p > 1; G € ﬁ@(/@;fl, gs), for some 0 < k < 1, fi(z) = Ciztt® a3y > 0, and
go(x) = Cox' P2 By > 0. Suppose that h(z) is defined by (1.4) for | = 2. Then, for any ~; > —1, i = 1,2, and



DEGER and ABDULLAYEV/Turk J Math

P, € p,, n €N, the following inequality holds:
1P| < caMm) 1Pl (2.4)

where ¢y = ca(L,7i, B,p) > 0 is a constant independent of n and z; My s(m) := M, (m)+ M} ,(m) and
M, 1(m), M?,(m) are defined as follows:

W) (147
n( v )( ), p>1, m>1,
141 ~ _
M} (m)={ nop UFF) p<1l+(F+1)1+7), m=0,
g _1 ~
(nlnn)' "7 p=1+(i+1)(1A+K), m=0,
1
n'r, p>1+(i+ DA +F), m=0,
w2+1+m 14k
n( g )HB"’, p>1, Bo<m(l+kr)—1, m>1,
ngﬂ‘*‘m En 2+ 1) (14£)+ (148
()< gt s -1 w1
-1 1) (14)+(14+
” U 2 5 A S
na2(m) =19 p P, P> 72(1+ﬂ2)_m(1+n)2 , Ba>m(l+k)—1, m>1,
(WQTflﬂn) i hs . (14+)
n - ) p<1+(72+1)(11+52)7 52>01 m:07
nl’lnl’n‘) P, p= 1 + (7; + ]') {11{;%)’ 52 > 01 m = 07
no v, p>1+ 03+ 1555, B2>0, m = 0.
In particular,
1Pl < c2Myps(1) |1 Pl (2.5)
where My, 3(1) := M, (1) + M2 5(1), and it is defined as follows:
Mn73(1) =
TEL41)(147) (y2+ 1) (1+r)—(147) (1482) (Y24+1+p)(1+k) (14+7) (1+82)
0 o J0HR | p < DR oy > Gl —p -, 222 Ty o 1
20 +1) 15 (24D (14+r5) = (1+7) (1+82) (y2+1+p)(A+k) (1+7)(1+82)
ST p < LapUn CIRCE) 0 <y < GRESRGEY —p -1 22 |G
WEL L) (4R (24 1) (1+£) = (14+F) (1+52) (1+7)(1+52)
TL( P ) )7 p > 72(1+g)(1+/32)_(1+5) 2 ’ 1> 07 72 Z 2 (1+r) 2 -1 )
M) (14R) .
n( B ) , p>1, v > -1, 1<y <2 [(1+E<1)i1’€+)ﬁ2) _ 1} '

Corollary 2.3 Let p>1; G € PQ (k; £.,0), for some 0 < k < 1, fi(z) = Ciz'T*, a; > 0. Suppose that h(z)
is defined by (1.4) for l =11. Then, for any P, € @,, n € N, m > 1, there exists c3 = c3(G,p,k,71) > 0 such
that:

Iy (ﬁ;i+m>(1+g)
[P <o [don 1Pl
o i=1
and, consequently, we obtain a global estimate
(m) (,\{* nlax+1 +/’n)(1+z)
[P < ean T 1B, (2.6)



DEGER and ABDULLAYEV/Turk J Math

where y*™M** ;= max {0; Vi, = m} .
Similarly to the above, for G € F@ (k;0,9;), we get the following.

Corollary 2.4 Let p > 1; G € F()(/{;O,gi), for some 0 < k < 1, gi(x) = Ciz'*F B >0, i =1 +1,1.
Suppose that h(z) is defined by (1.4). Then, for any P, € pn, n €N, and v, > =1, i =1; + 1,1, m > 1, there
exists ¢4 := c4(G, p, K, 7y, Bi) > 0 such that:

H P7(lm)

<%<§:ﬂﬁz )n&m, (2.7)

i=l1+1

where M, ,(m) are taken from (2.3) for m > 1, and, therefore, we get

[P < eadh o) 1Pl (2.8)
where

('ymax ) 1+K, i -
1*‘3mm, p>1, Bi<m(l4+k)—1, foralli=1;+1,1,
N 'Ymax +,rn +r A1) (145 1 ) i -
TP L S, b SRR, fizml0) -l foreli=hTTL
(nln ), p=OEIEEC, Bz m 4 R) ~ 1, foralli=h A L1,
n'"w, P> (i +1)(A4r)+(145:) Bi>m(l+k)—1, foralli=1 +1,l,

(A+8;)—m(1+k)
’Yr*;lax ‘= max {077171 = ll + 1al} ) /Bmin = min {61';7: = ll + 1,l} .

Remark 1. a) Obviously, G = B C ID\C/) (050, 0) = @(O) Then, for h =1, m = 0, the estimate (1.3)
follows from (2.2).
b) Theorem 2.1 for a; = f3; = 0 coincides with [35, Th. 2.5], and, therefore, it generalizes
[35, Th. 2.5] to the case of regions with interior and exterior zero angles;
¢) The second sum in Theorem 2.1 gives a better estimate for m = 0 than the corresponding
estimate in [5, Th. 2.1].

Remark 2. Theorem 2.1 and their corollaries, for some p > 1, kK =0, and «; = 0,5; = 0 are sharp.

3. Some auxiliary results

For ¢ > 0 and b > 0 we use notations “a < b*“ and “a < b“ if a < ¢b and c1a < b < cya for some constants

¢, c1,andce, respectively.

Lemma 3.1 [1] Let G be a quasidisk, z1 € L, 22,23 € QN{z: |z — 21| 2 d(z1, L, )}; wj = ®(25), j=1,2,3.
Then,
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a) The statements |z1 — 22| =X |21 — 23| and |wy —ws| <X |wy; —ws| are equivalent. Therefore, |21 — 23| =<

|21 — 23] and |wy — we| < |w1 — w3 also are equivalent.

b) If |21 — 22| < |21 — 23], then

c c
' Z1 — %3 w1 — W3 2

= =

"U)l—wg
s

wy — W2 Z1 — 22 wy — w2

where 0 < rg <1 a constant, depending on G.
Corollary 3.2 Under the conditions of Lemma 3.1, we have
Jwy — wa| " =X |21 — 22| < Jwy —wsl,
where ¢ = ¢(G) < 1.
Lemma 3.3 Let G € Q(k) for some 0 <k < 1. Then
| (w1) = W(ws)| = Jwr —ws| 7,

for all wy,wy € A.

This fact follows from an appropriate result for the mapping f € > (k)[37, p. 287] and estimation for
U'[17, Th.2.8]:
d(¥ (7)., L)

7| —1 = ‘\I//(T” (3.1)

Let {z; }221 be a fixed system of the points on L and the weight function h (z) defined by (1.4).
Lemma 3.4 [2] Let L = G be a rectifiable Jordan curve and Pp(z), deg P, <n, n=1,2,..., be an arbitrary
polynomial, and weight function h(z) satisfies the condition (1.4). Then for any R>1, p >0 and n=1,2, ...

1+

HPnHﬁp(h’LR) < R"t5 HPn”L,,(h,L), v =max{0;v;: 1 <j < I},

4. Proofs of theorems

Proof of Theorem 2.1. Suppose that G € ]?é(n;fi, g;), for some 0 < k <1, fi(x) = cia't a; >0,
i = 1,01, and gi(z) = cz'tP B > 0, i = I +1,l. First of all, we introduce some notations. Let
wj = D(z;),p; = argw;. Without loss of generality, we will assume that ¢; < 2. For simplicity in our

next calculations, we assume that
Lh=11=2i=1,2 2=-1, z2=1 (-1,1)CG; R=1+ -2, (4.1)
n

and let the local coordinate axis in Definition 1.2 be parallel to OX and OY in the OXY coordinate system;
L=L*UL", where L* :={# € L:Imz >0}, L™ :={z € L:Imz < 0}. Let w® :={w=¢"?.0=21522}
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2zt € U(w*) and L* be arcs, connecting the points 27, z;, 2~ € L; L»* := L'NL*, i =1,2. Let 2y be taken
as an arbitrary point on L (or on L~ subject to the chosen direction ). For simplicity, without loss of generality,
we assume that zg = 27 (29 = 27 ). Analogously to the previous notations, we introduce the following: Lp =
LL ULy, where L}, :={z € Lr :Imz >0}, Ly :={2 € Lr:Imz < 0}. Let wi := {w=Re?:0= %},
zﬁ € \I/(wﬁ).We set: zir € Lg, such that d; g = |2i — 2z r| and (& € L*, such that d(z9r,L? N
L*) = d(za.p, LF); 25 = {¢eli: |¢—z|=cd(z,Lr)}, sz = {CeLl: |¢—z,rl =cd(zir Lr)},

wfR = CI)(sz). Let L%, i = 1,2, denote the arcs connecting the points ZE, Zi Ry 2z € Lg, L%i =

Lzé N L; and lfR(sz,zﬁ) denote the arcs, connecting the points zii,R with zﬁ, respectively, and li[R‘ =
mes l;tR(sz,zﬁ),i =1,2. We denote
i i

By = {C €Ly : |(—al< Cidi,R}, (4.2)

it it
E;,R = {C S L% ZCidi,R < |C: —Zi| <

+ = 2ESY
li,R‘}’ Fjr = ®(EjR);
Bt = {Ce 1 I ul < cadin),

E;’i = {C € Li’i : Cidi,R < |C — Zz| <

sz’}, FiE = o(EY), ij = 1,2

Now let us start the proof. Let p > 1. The Cauchy integral formulas for m — th derivatives for the region
Ggr, R>1, give

(m) () — L _dac
P ) = 5 [ PO (= 2 € O
Lr

Let z € L be arbitrary fixed. Multiplying the numerator and denominator of the integrand by h'/? (¢), and
applying the Holder inequality, we obtain

1 d 1
P @) =50 | [ iporia ) x| [+ o = LV x Y (43
™ o l@=)v 0 _jg(m+1) 0
R Le I 1C— 2 ¢ — 2|
j=1
According to Lemma 3.4, we have:
’P,(Lm) ()| 2 Yr - Yoo <Pl - Yoo, 2 € L. (4.4)

In order to evaluate the integral Y, o, we get

l q l
Yo = (Z Y;Q) <> (Va7 (4.5)

Q=

i=1 =1

where

i |d¢]| -
i, ._/ = i=1,1, (4.6)

— . b
/ Zi|(q 1)7i = Z|q(m+1)
LR
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since the points {zl} _, € L are distinct. Let us estimate the integrals Y;! o for each i =1,1.

According to the above notation, under changing the variable 7 = ®(¢), from (3.1) and (4.6), we have

Vo= 3 / S @)

s (w)| D7 @ () = W (w)| 1Y
2
d(¥(r),L)|d| . i+
Z / @Dy B (/) 9m D) - Z Y (FjR)-
= w;)| (1) — ¥ (w)| (Ir7l=1) 5=
Thus, we need to evaluate the integrals Y(F;;) for each 1,5 =1,2. Let
‘ = |P,()|, ¥ € L=L'UL? (4.8)

and let w' = ®(2').
1) Suppose that 2’ € L.
L1)If 2/ € B, then

_ |dT|
VL) +Y(Flg) 20 . m— (4.9)
FLAORL S [W(r) - \Ii(wl)|(q R [ (r) — ‘I’(U")|q( o
1,R 1,R
|d7|
=n i (¢=1)y1+q(m+1)-1
ol [min {|¥(7) — @(wy)]; [¥(7) — T(w)|}]
1,R 1,R
. ]
" fmin {7 — w1 [7 — o/ [J]@ D FACRED IO
FlAUF) ’
plla=Dr+a(m+D)-1A+R) = )~ q m>1,
~ pl@=Dm+e-1(1+5) (q—Dym+q—1Q1Q+&) >1, m=0,
| nlon, (g=Dm+q-1(A+E) =1, m=0,
n, [(g=Dm+q-10+E) <1, m=0,
for v1 > 0, and
_ —(g=m
Y(Fl,+) + Y(Fl,—) j n |\Il(7-) \I’(wl)| |d7-| (410)
o o W (r) — W (w1
Fll,,gUFll,,Ig

- |dT] ~ |dT|
=n W(r) — \I,(w/)lq(erl)*l =n I — w/l[tI(m+1)*1](1+%)

FigUF g FLEURLE
pla(m+D)=1JA+R) 5~ 1, m > 1,
L ] nlemtaEm, li-1A+7)>1, m=0,
~ ] nlnn, [g—1(1+~r) =1, m=0,
n, -1 (1+R) <1, m=0,

10
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for —1 <y, <0.
1.2) If 2/ € Ey*, then

_ |dT|
Y(Fig) +Y(Fig) <n - T (4.11)
’ ’ () = )OI (r) — (w1
FlRUF g
|d|
=n : N (@e=Dri+g(m+1)—1
o7 min{[U () = W(w) [ [8(7) — W(w')]}]
FIRUF R
< dr
- ) . [min {|7 — wy|; |7 — w/|}]((q—1)71+q(7n+1)—1)(1+?5)
Fl,YRUFl,YR
n[(q_l)"/1+Q(m+1)_l](1+E)’ p > 17 m 2 1,
[(a=1)71+q(m+1)—1](1+F) — =
<" s la=mn+q- W“’ m =0,
nlnn, (q—l)’h +q 1_1+Ha m:0,
n, [(q_1)71+q_1]<1+ﬁ7 m:O7
for all 73 > 0 and
- [U(7) = W(w)| ™ |dr| |dr|
Y(F11;)+Y(F1LR)5” / m - m+1)—
) ) o 1W(7) — W (w )|q( +1)-1 T (w /)|<Z( +1)-1
Fy RUF R F
pla(m+D=10+F) 55 1 m>1,
< |d| pla—10+R) (-1 (1+7) >1 m=0,
n — =< ~
- 7 — g |l@mFD=UAFR) =) ninn, g—1(1+K) =1, m=0,
FlRUF s n, [q—1(1+%) <1, m=0,
for —1 <1 <0.
1.3) If 2/ € E}'®, then
Y(ES) +Y(FRD) <n / il (4.12)
2,R 2,R) 2 1 m4+1)—1 :
) = W)Y () — ()Y
Fy RUF, R
|d|
=n : N @—Dyi+g(m+1)-1
L min{[W(r) = W (w)|; [W(T) — P (w)[}
FZ,’};»UFZ,,R
o dr
- min {|7 — wy|; |7 — w/|}[(q*1)71+q(m+1)*1](1+%)
FygUFyn
plla=Dm+a(m+)=100A+E) 5 5 1 m>1,
L o g g0 R) > 1 m=o)
- nlnn, [(g—1)m+qg—-1(1+K) =1, m=0,
n, [(q—1)71+q—1](1+ﬁ)<17 m =0,

11



DEGER and ABDULLAYEV/Turk J Math

for 3 > 0 and

W (7) — U(wy)| "I |dr|

Y(FYR) + Y (Flp) <n /

1+l —
Fy RV, R

(W (r) — W(w)[ 2D

14l —
Fy RV R

|d|
= / U(r)— ¥

(w/)‘q(m+1)—1

n[Q(m“’l)*l](l‘i’E), p > ]_7 m Z ]_7

2n |dT| L) nlamH0R), -1 Q+7) >1, m=0,
o |7' — w,|[q(m+1)—1](1+g) o nlnn, [q - 1] (1 + %) = 17 m = Oa
FyprUFy g n, [q—1(1+&) <1, m=0,

for —1 <~ <O0.
1.4) If 2/ € Ey*®, then

|d7]

Y(Fyf)+Y(Fyp)=n

1.4 1,—
Fz,RUFz,R

|d7]

|U (1) — \I;(wl)|(q71)71 W(7) — \P(w’)|q(m+1)7l

L4 gl
FQ,RUFZ.R

/ (min {[@(r) — W (wi)|; [¥(r

< / dr]
=n _
[min {|7 — wy| ;|7 — w/|}][(Q—l)V1+q(m+1)—1](1+m)
Fy rUF
n[(q*1)71+‘1(m+1)*~1](1+%)’ P> 1, .
{ pla=Dm+a-1](1+F) =Dy +q—1> ﬁ, m
i) nlnn, (q_1)71+q_1:14?, m
" (@—Dm+q-1<ix m

for v > 0, and

Y(Fyp) +Y(Fyp) =n

|d7]

v

) — \I,(w/)m(q—l)m-i-q(m-l-l)—l

o o o

() — @ (w)| "D
Fy kUFy R
pla(m+D=1A+R) > 1, m>1,
<n / |d| - pla—1A+R) -1 (1+7) >1, m=0,
= 7 — @@ DT =) ninn, -1 (1+7) =1, m=0,
FylpUFy n n, [q—1(1+%) <1, m=0,

for —1 < 71 < 0. Combining the relations (4.9)—(4.15), in the case of 2/ € L! for each v; > —1 we get

Y

333 3
[

I

yi 41 -
L tm ) (1+k
TL< ! >( )7 p>1a ’Yl>—1,
11\ WL (14 7) . _
Vo)t =4 n 77 p<l+(+DA+R), m>-1,
nlan)' v, p=1+(@ +1)A+7), v >-1,
n'"7, p>1+ (" +1)(1+E), m>-1L

2) Now suppose that 2z’ € L?. Replacing the variable 7 = ®(¢) and according to (3.1), we have

12
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P L. d(¥(7), L) |dr| : -
Y, < =: Y(F:5).
Zz/ [0 (1) — W(w2)| ™7 (B (r) — W(w)| " (7] - 1) Z: Fiz)

it
Fj.R

2.1) If 2/ € Ep®, then
|d7|

Y(FP) +Y(FPR) <n
o . W (7) = W(awa)| 7 W (7) — W () D
F2ruFr® >
1,R 1,R

|dr|

(4.17)

(4.18)

jdr|
<n n 7
= / |U(7) — \I}(w2)|(Q*1)'Y2 | (1) — \I/(w/)|‘J(m+1)71 + / () — \Ij(wz)|(q71)“/2 W(r) — \I,(w,)lq(mﬂ)ﬂ

2,4 2,—
Fi'r Fi'r

for all 5 > —1. The last two integrals are evaluated identically; therefore, we give an estimate for the first on.

When 7 € Fi’f{, for the |¥(7) — ¥(w')|, we obtain

1
|U(7) — U(w')| = max {|¥(r) — U(wa)|; [¥(7)— 23 ‘} — U(wsy)| = ‘\IJ(T)—ZSF|1+ﬁ2 .
Then,
2.4 |d7| |d7|
Y(F1,R) =n / w =n / M(Hﬁg)
2.t | | 1+P2 2 + |T |
1,

Lg=Dypta(mt1)—1 g —1)y2+ 1)-1

n s (14r) Eq 1;%15/%;”;; 1(1 +r)>1

m
=4 nlan, e B (I+r)=1,
n, (O 1)72T(m+1) 1(1 +r) <1,
if v > 0, and
(g=1)72
v < [ OV dr|
© A
— 25 | F2t |7 —wy|
(m+1)—1 _
e (1+'~”~)7 q(n;j:;—) L1+ k) > 1,
=4 nlnn, %(1"‘5):17 ’

n, st =l (14 k) < 1,

if =1 <2 <0, and so, we get

(q—1)vo+q(m+1)—1
i i no oy (14k) (qfl)w21++q[§;n+1)*1(1 +r)>1,
Y(FL’;) + Y(FLE) =4 nln, (q71)721++q[§:z+1)71 (1+r)=1,
n (qfl)vziq[gmﬂ)*l 1+k)<1
) + 5 b

(4.19)

13
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if v >0, and
g(m+1)—1

almtD =1, mA1)—1
no1tey ( ”“), 7(1(1161 (1+k)>1,

Y(ng) + Y(ng) =<¢ nlnn, M(l + k) =1,

1482
atm =11 4 k) < 1,

™ 1+0B2
if -1 <y <0.
2.2) If 2/ € E3®, then
Y(FS) + V(7)< — S
’ ’ (W (7) = U (w) [ [ (7) = W (w)["

2,+ 2,—
FI RUFT R

for all v > —1. When 7 € Ff; for [W(7) — W(w')|, we obtain: |¥(7) — ¥(w')| = |¥(7) — 25| and similarly

to previous case, we get,

|dr|

vz <n [ (4.20)
) —1 (erl)*l
o 1U(r) = W ()| T2 () — 2 [
< / |dr| - |dr|
on (g=1)v2+gq(m+1)—1 =n q—1)vo+q(m+1)—1
a-lngtymil)—2 (1+x)
U e NP NP
F2f MOEE F2E |7 —wi|
(g—1)yo+g(m+1)—1
o s (4R (q—1)7214;q[§;n+1)—1( Fr) >
=< nlnn, (=DretatmtD=l(y 4 ) =1,
n, (g— 1)721q[§m+1) 1(1 k) <1,
if 79 > 0, and
W (r) = ()|~ |dr| jdr]
ot g(m+1)—1 =n +1e(m+1)-1
, ’\I, ‘ P2t |\Ij(7—) — 22 |
1,R
q(m+1)—1
L—(1+k) (m+1)—1
dr] n_ 142 ’ ‘1( 1;*;7% 1 (1+k)>1,
qm - _
=n / E w+’[q<m+1)71](1+n> =\ nln, 7( 145 1(1+ﬁ) =1,
_ Rt
ng 2 n, qlT(lﬂ-R) < ]_7
if —1<yy<0.
Therefore, from (4.19) and (4.20), for this case, we have
(a=1)v3 +a(m+1)—1
T S 1)72+Q(m+1) L1t m)>1, 72> -1,
Y(FIR) +Y(FlR) 2§ nlnn, (a— 1”21‘15“”“) 1(1 FR) =1, 72> -1, (4.21)
n, (@i tdlmt D=l (] 4 k) <1, 7 > — 1.
2.3) If 2/ € EPF, then
Y(ESH) +Y(F25) <n / — 7] — (4.22)
’ ’ (W(7) = W(wa2) [T [W(7) — W(w)[ "™

2,4 | 2 —
FyrUE R

14
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|dr|

jdr|
<n +n
/ U (7) — W(ws)| ™7 [W(r) — (w7 TD / U (7) — W(ws)

F2t

2,—
Fy'r

|(Q*1)‘Yz |\I/(’T) B

\I,(w/)|q(m+1)*1’

for 9 > 0. The last two integrals are again estimated identically. Thus, we evaluate the first one. For 7 € F;g

and 2’ € Ef’i, we have:

a 1\ 5 (1A)
-G)
n

(U(r) = U(w)| = [O(r) =25 |5 [U(7) = U(w2)| = dor = |22,m— 25
Then
|dT] |dT|
Y(Fy#) <n / <n
) - (g—1)v (m+1)—1 — (g—1)v2+a(m+1)—1] (Lt+r)
o [e@) =2 [T () - o jr—w L 15+%;
2,R 2,R
(a—1)vyg+gq(m+1)—1
,nlAYzH—ﬁQ(lﬁL"‘)7 (¢— 1)“/24:1(m+1) (1+k)>1, 42>0,
=9 nlnn, (g— l)vthﬁ(mﬂ) La4k)=1, ~2>0,
n, (a— 1)"/21-1-+qé:n+1) 1(1 FR) <1, >0,
and for 5 > 0 we obtain
(= Dutdnt D=l (] 4 ) > 1, 42> 0
+ 7
Y(Fyi) +Y(FyR) 24 nlan, (DretdntD=l() 4 ) =1, 7, >0,
1 m+1)—1
n, (a= )Wﬁ_qﬁ( +)=— (14+k) <1, ~2>0.
For —1 <5 <0, we get
|d| |dT|
Y(F Y (F; R) 3N / =n (4.23)
m+1)—1 — 1)—1
S 1w(r) — w(w) Y S () - 1Y
Fi F
d7| n Rl L s 1y <,
T
=n / PTG Y p =4 nlnn, M 1+ 1, 7 <0,
— 2
Foh |7~ n, Lﬂéﬁ L1+k) <1, v <.
Then, in this case we have
n%(un) (q—1)7;+qgm+1)—1(1 YRS, e -1
) 1+ B2 ) )
Y(ng’g) + Y(FQQ’IQ) < nlnn, (Q*l)Vglj_qéerl)fl 1+ H) -1 o > 1 (424)
’ k) P 3 7
—1)yi4+q(m+1)—1
n, (g )721+qé2 ) (1+r)<1, y2>-1
2.4) If 2/ € E5", then for 75 > 0,
2,+ |dr|
Y(FZ,R) =n / W (r) — \I,(w,)|(q—1)72+q(m+l) (4.25)

2,+
F2 R

15
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@ N T EE A}
T -1 Mt1)—
=n / | l|<q,1>721++qﬁ(m+1>,1(1+n) = nlnn, (g )v2l++qﬁ(2 +1) 1(1 +Rr)=1, v >0,
—w 2 —1 m+1)—1
e 1T n, (e falnt U1 (1 4+ 1) < 1, 72 >0,
and
2,— |d|
Y(FQ,R) j n / (g—1)yo+q(m+1)—1 (426)
g fr—w|T e O
Br
(a=1)vyp+g(m+1)—1
no are (4R (q—l)’val—zz(;nﬂ)—l(l TR)>1, >0,
=4 nlnn, (q_l)wﬁlé:lﬂ)_l (1+rK)=1, ~ >0,
n, (qfl)wfflgznﬂ)*l(l +K) <1, 792>0.
The case when 2/ € E3 is absolutely identical to the case if 2/ € E3".
If =1 <2 <0, then
a(m+1)—1 K m _
dr] n oirer (Tt )’ a( 1_—:__/;2 1(1 +r)>1, <0,
2,4+ m+1)—1
v <n ) W S M 1) =1, 2 <0,
Fi n, ol 4 k) <1, 42 <0,
and
a(m+1)-1
. n~ 1+h2 (1+H)’ %(1 + KJ) >1, 7m<
Y(Fyr) =2 q nlon, Gt ol() k) =1, 9 <0, (4.27)
n, dntZl(1 4 k) <1, 2 <0
Combining the estimations (4.17), (4.19)-(4.27), we obtain
n(w:hrm)(llrﬁ;, p>1, 72 >0, Bo<m(l+r)—1, m>1,
2+l ) (14k) K 3
R, < LB s 0 (e -1
1—= 2 K
(n1n1n) " p= (V?Tigzl)trzl—{fi:fﬁ’ Y2 >0, Bo>m(l+k)—1, m=>1,
_1 1 K 1
=g 1;,1 (14r) b= (72(T+)ﬁ(zl)t72i(rl(+t)&)’ 2>0, Fpzmlts)-1, mz2l,
¥2 1+k
n(CETAEE < QetlCantlsle) - 9y >0, By >0, m=0,
(ninn)™, p= “ﬁi)((}i%)ﬁ(iw”, 72 >0, f2>0, m =0,
nl_;5 p > (et )((145_%);;( +B2)a Y2 > 07 /62 > 0, m =V,
(m) 52 .
n\r B2 p>1, Y2 <0, Bo<m(l+r)—1, m>1
(+r)
n(%+m)1+52’ p<%, Y2 <0, Pfoe>m(l+k)—1, m>1
1—1
nlnln) , p:%, Y2 <0, Pfoe>m(l+k)—1, m>1
+ nl_ﬁ’ ( : p>%a V2S07 /BQZm(]-+KJ)715 ’/TLZ]_
1 14k
n(;+m) P2 p< Wa 72 < 07 ﬁQ > 07 m =,
(nlnn)l_57 p:%#a 72§07 ﬂ2>07 m:07
1
I_Ea p>%a ’72S07 /82>05 m =

16
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72+1+ (1+k)
n( P m>1+’327 p>1, y>-1, fo<m(l+kr)—1, m>1,
w;+1+ (1+k)
TL< ! m> 1+ﬁ27 p<p6(ma2) Y2 > -1, 52 Zm(l—'—ﬂ)_ le,
1
(nlnn)1_5 , p=ps(m;2), v >-1, fa>m(l+k)— m > 1,
1
= nl_;7 p > pﬁ(m 2) Y2 > _17 62 Z m(l + K/) - m Z 17
w§+1+m (1+k) .
TR oo, B0 m=0,
(nnn 1_517 p= <vz+1><(111n>§<1+ﬁ2>, Yo > —1, B2 >0, m=0,
n'7r, p> 82 )((1112)5(1+ﬁ2)7 Y2 > —1, fa >0, m=0

Therefore, for 1; =1, [ =2, and any p > 1, we get

M-‘,—m 1+E
n(p >( )7 p>1, v >-1, m>1,
A+ ~ _
Vot Y, = nor R p <l (P DA+ E), n> -1, m=0, (4.28)

(nlnn)' ™5, p=1+(+1)A+R), m>-1, m=0,

n'TE, p>14+(v+1)1+F), m>-1, m=0,

(v2*+1 +m) (Lir)
n\ * 2 p >, Yo >—1, Po<m(l+k)—1, >1,
(v§‘+1+m> (Lir)
n i +ﬂ27 p<PZ(m,2)a 2 >_1a 62 Zm(l"_ﬁ)_lv m > ]-,
1
n nn)l_ﬁ’ p:pg(maQ)v 72>_17 /B2Zm(1+’€)_17 mZ )
+ 7’7/175, p>p§(m52)7 72>_17 ,822777,(1"‘5)_17 mZ )
34 ) () .
n( P 1) 1+B82 . p< ("/2+1)((11‘_‘~’_B)‘;’(1+/32) o > _1, 62 > O7 m = O7
(nlnn)l_E , p= (%H)((lﬁ';) (Hﬁg) vo > —1, >0, m =0,
n'"s, p> (”2H)((1112)5(H52), 72> -1, f2>0, m=0
Then, from (4.3)—(4.8), (4.16), and (4.28), we obtain
(”T“+7n>(1+z)
n , p>1, Tn>-1, m>1,
Py () < |[Pall, {177 “*“3 p<l+(+DA+FE), m>-1, m=0,
(nlnn)' "7, p=1+01+1A+EK), m>-1, m=0,
1 ~
n'", p>1+(F+ 1)1 +K), m>-1, m=0,
<w§‘+1 +m> 11+»<
n\ * o p >, Yo > -1, Bo<m(l+k)—1, m>1,
(5 om) 2
n\ " L p < pi(m;2), v2>-1, B>m(l+k)—1, m>1,
1
(n nn)lfz, p = p§(m;2), Yo > =1, fa>m(l+k)—1 m>1,
+9 n'7v, p > pg(m;2), Y2 >-1, Bpzm(l+r)—-1, m=1,
<$+m> 11++B'; * (14k)
n o , p<1+(72+1)(11+ﬁ?)7 72 > =1, f2>0, m = 0,
(nlnln) Py b= 1+ (75 + 1) (Elljg,z))v Y2 > _]-v ﬁZ > Oa m= 07
1—= * K
n r, p>1+(72+1)(1<:_ﬂz))7 ’72>_17 52>07 m =0
Since z € L is arbitrary, we complete the proof of Theorem 2.1. O
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Proof of Remark 2. The sharpness of this estimate can be argued as follows. These inequalities can be inter-

preted as a successive application of the well-known sharp Markov inequalities ‘ pim H =n™||Py|lo, m>1,
o0
with inequality [14]
(1+9*)(A+k)
[Prlloc < cin P | Prllps (4.29)

and the sharpness of the last inequality can be verified by the following examples. For the polynomial
To(z) = 1+ 2+ ..+ 2" h*(z) = ho(2), *(2) = |2—1]", v >0, L := {z:|2| =1} and any n € N
there exist c¢g = c3(h*,p) >0, ¢4 = c4(h**,p) > 0 such that
1
0) [Tl = esn? Tz, e 1y P> 1
;a1

D) IT] > ™5 [T, e, 1ys >+ 1.

Indeed, if L :={z: |z| = 1} ,then, L € Q(0). Pick for

a) h*(z2)=1; b) h**(2) =]z —1]", v> 0.
Obviously,

n—1
|T(2)| < Z |27 =n, |2|=1; T(1)| =n.
3=0
Thus,
1Tl o = 7.
On the other hand, according to [43, p. 236], we have
_1
HTH,cp(h*,L) =n'"r, p>1,
and
ot
||T||Lp(h**7L) =n'"", p>vy+1.
Therefore,

1
@) Tl =n=n" [Tl e y> P> 1

17"{-%—1 "r+171

o+t
b) 1Tl =n=n-n""7 -n"» " xn> [T|y ey, p>7+1
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